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Abstract. We perform numerical comparison of the fragmentation mechanism of charmonium production
(g g → c c¯ followed by c→ ψ c) with the full leading order calculation (g g → ψ c c¯ at Ø(α4s)). We conclude
that the non-fragmentation contributions remain important up to J/ψ transverse momenta about as large
as 40 GeV, thus making questionable the applicability of the fragmentation approximation at smaller
transverse momenta.
PACS. 12.38.Bx – 13.85.Ni – 14.40.Pq
1 Introduction
The general Factorization principle and the concept of
quark and gluon fragmentation functions [1] constitute a
widely exploited framework to describe particle produc-
tion phenomena at collider energies. The method is proved
to be mathematically consistent in the region of asymptot-
ically high transverse momenta of the produced particles.
The goal of the present consideration is to examine
the universality of the quark fragmentation function and
to outline the kinematic conditions when the fragmenta-
tion approach can be trusted as a reliable approximation.
Our present study was to some extent triggered by the
paper [2], where the fragmentation approach was used to
describe the experimental data (CDF, ATLAS, CMS) at
pψT > 10 GeV.
To carry out this task, we make a comparison of two
calculations. First, we consider an Ø(α2s) subprocess g g →
c c¯ and convolute it with an Ø(α2s) fragmentation function
c → ψ c, where ψ is meant to be either J/ψ or ψ(2S).
Second, we perform a full Ø(α4s) calculation for the process
g g → ψ c c¯ and see to what extent does the ‘full result’
matches the fragmentation interpretation.
2 Perturbative color-singlet fragmentation
c→ ψc¯c
To calculate the charmed quark fragmentation function,
we start with the process e+e− → γ∗ → ψ c c¯ considered
in the virtual photon rest frame with the z axis oriented
along the negative direction of the charmed antiquark mo-
mentum. The corresponding Feynman diagrams are dis-
played in Fig. 1.
Fig. 1. Feynman diagrams used to calculate the c→ ψ frag-
mentation function from e+e− annihilation, e+e− → γ∗ →
ψ + c+ c¯.
The fully differential cross section then reads
dσ =
1
2s
1
(2pi)5
|M(ee→ γ∗)|2 · |M(γ∗ → ψ c c¯)|2
× 1
M(ψ c c¯)4
λ1/2(s, p2,m2c)
8s
λ1/2(p2,m2ψ,m
2
c)
8p2
× dΩ dp2 dφ d cos θ, (1)
where s is the overall invariant energy; pψ, p1 and p2 the
4-momenta of J/ψ meson and the charmed quark and an-
tiquark, respectively; Ω, φ, and θ the angular variables of
the reaction; λ is the standard ‘triangle’ kinematic func-
tion [3]; and the momentum p = p1 + pψ represents the
fragmenting (or ‘parent’) quark momentum.
The above formula can be interpreted as a product of
the quark production cross section
dσ(e+e− → c c¯) =
1
2s
1
(2pi)2
λ1/2(s, p2,m2c)
8s
|M(ee→ c c¯)|2 dΩ (2)
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Fig. 2. Effective c→ ψ fragmentation functions derived from
different partonic subprocesses: solid curve, e+e− → γ∗ → ψcc¯,
calculated with Eq. (3). Other curves are calculated for g g →
ψ c c¯ as is described in Sect. 3. Dashed curves for pψT > 20
GeV, p∗T > 20 GeV; dash-dotted curves for pψT > 50 GeV,
p∗T > 50 GeV. Upper plot, sorrsponds to the collinear scheme
with MSTW gluon densities [19]; lower plot, kt-factorization
with A0 gluon densities [17].
and the c-quark fragmentation probability. After dividing
Eq.(1) by Eq.(2) we arrive at the definition of the differ-
ential fragmentation function
dD(c∗ → ψ c) = (3)
1
(2pi)3
|M(γ∗ → ψ c c¯)|2
|M(γ∗ → c c¯)|2 λ
1/2(p2,m2ψ,m
2
c) dp
2 dφ d cos θ.
The latter can be further reduced to the conventional
fragmentation function Dc/ψ(z) by introducing the light-
cone variable z = p+ψ/p
+ = (Eψ + pψ,z)/(E + pz) and
integrating over all other variables in Eq.(3):
Dc/ψ(z) =
∫
D(c∗ → ψ c)δ(z − p+ψ/p+)dp2dφ d cos θ. (4)
Calculations show almost no dependence on e+e− en-
ergy, what confirms the full dominance of the fragmen-
tation regime. Our results are plotted in Fig. 2 by solid
curves. They are fully consistent with other Ø(α2s) calcula-
tions presented in the literature [5,6,7]. Comparison with
data would need inclusion of higher order corrections, can
be done effectively in terms of radiational energy loss [8],
however we prefer here to stay with LO order approxima-
tion, aiming at the comparison with other LO results.
Fig. 3. Feynman diagrams representing the gluon-gluon fusion
process gg → J/ψ+c+ c¯ at full leading order. Only a few of the
listed diagrams can be interpreted as a c-quark fragmentation.
3 Proton-proton collision
3.1 Glue-glue fusion
In pp collisions the leading order process of J/ψ c¯c pro-
duction is glue-glue fusion,
g + g → J/ψ + c+ c¯. (5)
We employ the Feynman diagrams depicted in Fig. 3,
which are all necessary to compose a gauge invariant set
(for more details see [4], where one can find explicit alge-
braic expressions for all of these diagrams).
In fact, we will perform two calculations in parallel,
using the odinary (collinear) and the kt-factorization ap-
proaches. The latter can be treated as an effective Next-to-
Leading order (NLO) calculation, since a significant part
of higher-order radiative corrections is taken into account
in the form of kT -dependent (unintegrated) gluon densi-
ties.
The evaluation of Feynman diagrams is straightfor-
ward and follows the standard QCD rules. For the initial
off-shell gluons (if any) If we adopt the kt-factorization
prescription [9] for the initial off-shell gluons, the spin
density matrix is taken in the form µg ∗νg = k
µ
T k
ν
T /|kT |2,
where kT is the component of the gluon momentum nor-
mal to the beam axis. In the collinear limit, when kT → 0,
this expression converges to the ordinary µg ∗νg = −gµν/2,
while in the case of off-shell gluons it contains an admix-
ture of longitudinal polarization. Calculation of the traces
and of all Feynman diagrams was done with the algebraic
system form [10].
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To purify the theoretical analysis, we will restrict it
to a comparison between the color-singlet [11,12,13] cal-
culations only; that would is sufficient for the goal of the
present study. The produced color-singlet c¯c dipole of a
small separation ∼ 1/mc, should be projected to the large-
size charmonium wave function. Neglecting the small size
of the dipole, one arrives at a simple result, the value of the
radial wave function at the origin |R(0)|2. While the char-
monium wave function with realistic potentials is known,
and its convolution with the dipole size distribution would
be more accurate [14,15], we rely here on the small-dipole
approximation. Then, the ψ production probability con-
tains only one parameter, |R(0)|2, which is known from
the charmonium leptonic decay width [16].
Summarizing, the fully differential cross section reads
dσ(pp→ ψcc¯X) =
piα4s
3sˆ2
|R(0)|2
4pi
1
4
∑
spins
1
64
∑
colors
|M(gg → ψcc¯)|2
×Fg(x1, k21T , µ2) Fg(x2, k22T , µ2)
× dk21T dk22T dp2ψT dp2cT dyψ dyc dyc¯
× dφ1
2pi
dφ2
2pi
dφψ
2pi
dφc
2pi
, (6)
where s is the total initial invariant energy squared, sˆ the
squared energy of the partonic subprocess, x1 and x2 the
parton light-cone momentum fractions; k1T , k2T , φ1 and
φ2 the transverse momenta and azimuthal angles of the
initial (off-shell) gluons, and yψ, yc, yc¯, pψT , pcT , pc¯T ,
φψ, φc and φc¯ the rapidities, transverse momenta and az-
imuthal angles of ψ and the accompanying charmed quark
and antiquark, respectively.
Throughout this paper, we use the ”A0” parametriza-
tion [17,18] for the kT -dependent gluon densities Fg(xi, k2iT , µ2),
with µ2 = sˆ/4. For collinear calculations we omit the inte-
gration over k1T and k2T and use the MSTW leading-order
set [19] for the ordinary gluon distribution functions. The
multidimensional integration in (6) has been performed
by means of the Monte-Carlo technique, using the routine
VEGAS [20].
3.2 Theoretical experiment: ”jet” reconstruction
The results of calculation of the full set of graphs should
contain a contribution of charm fragmentation. To quan-
tify such a contribution one needs to reconstruct the frag-
menting quark momentum. A ψ produced this way should
be accompanied with either c or c¯, thus referring to the
quark or antiquark fragmentation. To search for such cor-
relations one can select the configurations of ψc¯c with low-
est two-body invariant mass, either (M(ψc) < M(ψc¯)),
or vice versa. Of course any of such correlations are dis-
turbed by other hadrons produced from the debris of the
colliding protons. In the case of collinear factorization the
transverse momenta of such hadrons are limited and their
influence should fade away at large pψT . However, in the
case of the approach, based on kT factorization, the tail
Fig. 4. Invariant mass of the J/ψ + c system as seen under
the different kinematic selection rules. Upper panel: solid curve,
pψT > 20 GeV, p
∗
T > 20 GeV; dashed curve, pψT > 20 GeV,
p∗T > 5 GeV; dotted curve, pψT > 5 GeV, p
∗
T > 20 GeV. Lower
panel: solid curve, pψT > 50 GeV, p
∗
T > 50 GeV; dashed curve,
pψT > 50 GeV, p
∗
T > 20 GeV; dotted curve, pψT > 20 GeV,
p∗T > 50 GeV.
of the gluon distribution, 1/k4T , is close to the pT depen-
dence of charm production. Therefore, in this case one
cannot separate well the contribution of the diagrams in
Fig. 5 from the hadronic background, even at high pψT .
The invariant mass distribution in the class of events
with minimal M(ψc) is shown in Fig. 4 with different con-
straints for the charmonium transverse momentum pψT
and momentum p∗T of the fragmenting c-quark. Calcula-
tions were done assuming the collinear factorization scheme.
Remarkably, the solid and dashed curves corresponding to
equal cuts for pψT , are not sensitive to the value of p
∗
T .
These curves are practically indistinguishable. This ob-
servation signals about importance of the fragmentation
mechanism. Indeed, in this case the momentum p∗T of the
fragmenting quark cannot be smaller than pψT .
Another method, similar to the jet clustering algo-
rithm, is to select the configuration with the smallest an-
gular separation between ψ and the accompanying c or c¯:
R =
√
(∆φ)2 + (∆η)2, where ∆φ and ∆η are the differ-
ence of azimuthal angles and between of pseudo-rapidities
for the produced c-quark and ψ respectively. This cor-
responds to the intuitive picture of correlating comoving
products of fragmentation, which are usually considered
as a signature of a jet.
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Fig. 5. Azimuthal angle difference between the partners in the
J/ψ + c system under the different kinematic selection rules.
Upper panel: solid curve, pψT > 20 GeV, p
∗
T > 20 GeV; dashed
curve, pψT > 20 GeV, p
∗
T > 5 GeV; dotted curve, pψT > 5
GeV, p∗T > 20 GeV. Lower panel: solid curve, pψT > 50 GeV,
p∗T > 50 GeV; dashed curve, pψT > 50 GeV, p
∗
T > 20 GeV;
dotted curve, pψT > 20 GeV, p
∗
T > 50 GeV.
We separated all theoretically generated events into
two classesR(cψ) < R(c¯ψ) and vice versa. Then we checked
the φ and η correlations in each of these classes of events.
Some examples for such distributions, calculated with-
ing the collinear factorization approach, are presented in
Figs. 5 and 6 for ∆φ and ∆η respectively.
Again, the solid and dashed curves are almost indis-
tinguishable: the requirement that pψT is large means au-
tomatically that the sum pψT + pcT is also large.
We see that with harder cuts on pT ’s the system be-
comes better collimated (narrower ∆φ and ∆η distribu-
tions) and so, better suits the fragmentation topology.
However, the fact that the shape of these distributions
depends on the selected p∗T indicates that we are not yet
in the fragmentation regime.
Remarkably, both methods lead to rather similar con-
sequences. The quality of our selection rules and the effect
of kinematic constraints on pψ and p
∗ are illustrated in
Figs. 4 - 6.
As far the products of fragmentation can be identified,
we can sum up the momenta of the meson and its closest
charmed partner and call it the parent quark momentum,
p∗ = pψ+pc. The fragmentation variable z is then defined
in the usual manner: z = p+ψ/p
∗+. Then we can extract
the effective fragmentation function Dc/ψ(z) and compare
Fig. 6. Pseudorapidity difference between the partners in the
J/ψ + c system under the different kinematic selection rules.
Upper panel: solid curve, pψT > 20 GeV, p
∗
T > 20 GeV; dashed
curve, pψT > 20 GeV, p
∗
T > 5 GeV; dotted curve, pψT > 5
GeV, p∗T > 20 GeV. Lower panel: solid curve, pψT > 50 GeV,
p∗T > 50 GeV; dashed curve, pψT > 50 GeV, p
∗
T > 20 GeV;
dotted curve, pψT > 20 GeV, p
∗
T > 50 GeV.
it with the fragmentation function from e+e−. The frag-
mentation mechanism is expected to be important at high
transverse momenta, so some kinematic constraints should
be imposed. In Fig. 2 we compare the effective fragmen-
tation functions obtained with different kinematic cuts.
They disagree with each other and both of them disagree
with the fragmentation function derived from e+e− anni-
hilation. Nevertheless, with a higher cut pψT > 50 GeV,
p∗T > 50 GeV, the effective fragmentation function at large
z > 0.8 is close to the result from e+e−. At the same time,
we do not expect any agreement at small z, because select-
ing large values of pψT , we by default suppress production
of ψ at small z.
Notice that while theoretically the parent quark is known,
in experiment its momentum is difficult to reconstruct,
which would require reconstruction of the whole jet. In in-
clusive measurements only the momentum of ψ is known,
which introduces ambiguity in identifying the ”true frag-
mentation” region.
In fact, the magnitude of p∗T cannot be regarded as
a decisive signature of the fragmentation mechanism. In-
deed, consider an infinitely small cell ∆ in the quark mo-
mentum space d3p∗. For every given cell, one can plot a
distribution in z normalizing by the appropriate cross sec-
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tion of quark pair production,
D(z) = (7)
d
dz
[∫
∆
d3p∗ σ(g g → ψ c c¯)
]/[∫
∆
d3p∗ σ(g g → c c¯)
]
,
what would give the true quark fragmentation function for
a chosen ∆(p∗). By definition, the fragmentation function
should be independent of the chosen p∗ (provided that p∗T
is large enough to fulfil the conditions of the factorization
theorem). Then, one can average the statistics over many
cells, extending the integration in the above formula up to
an arbitrarily large part of the phase space, p∗T > p
∗
T,min. If
the distributions calculated for different choices of p∗T,min
do not coincide, one concludes that the assumption on
universality of fragmentation function is violated.
The situation in the kt-factorization case is even more
complicated. Here we have an extra contribution to the
transverse momentum that comes from the primordial kT
of the initial gluons. The large-kT behavior of the gluon
densities is nearly power-like, Fg(x, k2T , µ2) ∼ 1/k4T , and is
comparable with the pT dependence of the hard scattering
matrix element. So, there always presents a non-negligible
contribution to the pT of essentially non-fragmentation
nature.
These our observations are confirmed by the results
of calculations of the pT spectra of J/ψ mesons produced
in pp collisions at
√
s = 7 TeV, depicted in Fig. 7. The
”full LO” and ”fragmentation” curves seem to converge at
around pψT ' 40 GeV in the collinear case (upper panel),
but seem to never come together in the kt-factorization
case (lower panel). This figure indicates that making use
of the fragmentation approach below 40 GeV is by no
means justified. But even at pψT > 40 GeV the apparent
agreement between the curves might be partially a for-
tune, rather than a consequence of the factorization the-
orem (recall the disagreement between the z distribution
at pψT > 50 GeV in Fig. 6 and the fragmentation function
derived from e+e− annihilation).
Going to higher order calculations for the charm frag-
mentation function would not help, since the origin of
the problem is not in the fragmentation function on its
own, but rather in the unavoidable presence of large non-
fragmentation contributions. Inclusion of the color octet
production scheme cannot help either, as it would not
solve the problem in the color singlet channel and, most
probably, will suffer from the same troubles, in view of
much larger number of non-fragmentation diagrams.
4 Conclusions
We compared J/ψ c c¯ production in pp collisions, calcu-
lated within the collinear factorization scheme with the
full LO set of diagrams, and the net fragmentation mech-
anism with the fragmentation function known from e+e−
annihilation. The non-fragmentation contribution is found
to be rather large, extending up to transverse momenta
about as high as 40 GeV. These contributions significantly
Fig. 7. Transverse momentum distributions of J/ψ mesons
produced at the mid rapidity in pp collisions at
√
s = 7
TeV. The full Ø(α4s) calculation g g → ψ c c¯ is shown by solid
curve. The fragmentation approximation, g g → c c¯, followed by
c→ ψ c with Dc/ψ(z) from e+e− annihilation, is presented by
dashed curve. Upper plot is calculated within the collinear fac-
torization scheme with the MSTW gluon densities [19]; lower
plot, within the kt-factorization model with A0 gluon densities
[17].
change the slope of the pψT spectrum in the intermedi-
ate region (between 10 and 40 GeV). The accuracy of the
fragmentation approximation cannot be improved with ei-
ther more precise calculations of the charm fragmentation
function, or including the color octet poduction channels.
The presence of essentially non-fragmentation contribu-
tions makes the fragmentation approximation below 40
GeV groundless.
We also performed calculations within the approach
based on the kT -factorization assumption. In this case
the non-fragmentation partial contribution remains im-
portant, and even rises at large pT . This happens because
of too large primordial gluon momenta kT , which break
down the principle of factorizing short and long distances
in the process.
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